
ELSEVIER Journal of the Neurological Sciences 126 (1994) 243--245 

JOURNAL ~ ME 

NEUROLOGICAL 
SCIENCES 

Letter to the Editor 

The hyperbolic function: a mathematical solution of the protein flux/CSF 
flow model for blood-CSF barrier function 

A reply to the letter by S. t3hman (J. Neurol. Sci., 126 (1994) 240-242) 

Hansotto Reiber* 
Neurochemisches Labor, Universitdt Gi~ttingen, Robert-Koch-Strafle 40, D-37075 GiSttingen, Germany 

Received 27 June 1994; revised 26 July 1994; accepted 31 July 1994 

Keywords: Protein diffusion; CSF/sertma concentration quotients; Cerebrospinal fluid; CSF flow rate; Biophysics of diffusion 

Sir, 
Perhaps my paper (Reiber 1994) is not easy to under- 

stand, but all five "flaws" suggested by Prof. Ohman are 
misunderstandings. There are some demanding mathe- 
matical and physical-chemical differential equations in- 
volved, which are not easy for the reader untrained in bi- 
ophysics to understand. I will present a background dis- 
cussion and then comment on the "flaws". 

There is disagreement about the best method to dis- 
criminate between the blood- and brain-derived protein 
fractions in cerebrospinal fluid. There are many reports 
about evaluations of data from rather small groups of pa- 
tients, often also restricted to a small range ofblood-CSF 
barrier dysfunctions. In the absence of a physiologically 
relevant theory it is possible to fit all types of linear and 
nonlinear functions to describe the discrimination func- 
tion, in particular for a very restricted range. My paper 
(Reiber 1994) reports for the first time a consistent theory 
to explain quantitatively the changing ratio of protein 
concentrations in CSF of patients with neurological dis- 
eases. Additionally, the set of CSF/serum quotient data 
reported from 4400 patients is the largest collection of 
data ever published in the field. The range ofblood-CSF 
barrier dysfunction is from albumin quotients 
QAlb=0.001--0.700 (theoretical upper limit 1.0). 

With the hyperbolic function in Eq. (1), I describe a 
mathematical solution of a diffusion model with well de- 
fined boundary conditions. This equation is derived as an 
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implicit solution for the differential equation of Fick's 
second law of diffusion which has no explicit but only im- 
plicit solutions which refer to specific initial or boundary 
conditions (references in Carslaw and Jaeger 1959). 

Regarding the diffusion of proteins from blood into 
CSF, the following boundary conditions are suggested: 
(1) The protein concentration of a single protein at one 

side of the barrier (e.g. in the blood) remains con- 
stant, i.e. the reservoir of proteins is infinite. 

(2) Proteins diffuse through tissue, which does not need 
to be characterized with its very different structures 
like endothelial cell layer with tight junctions, 
fenestrated capillaries, intercellular fluid, ependy- 
mal cell layer with and without tight junctions. This 
simplification is possible as the theory only com- 
pares the relation of proteins of different size, dif- 
fusing through the same tissue structures at the same 
time. It is reasonable to suggest that the ratio of dif- 
fusion coefficients is not changed in spite of differ- 
ent values of the single diffusion coefficient in 
different tissue structures. 

(3)Proteins diffusing from blood through the tissue 
enter the cerebrospinal fluid along its way in the 
subarachnoidal space. The theory does not need to 
state a laminar flow or CSF flow rate unique for the 
whole subarachnoidal space. 

This Eq. (1) which was not reported in the literature so 
far can be applied to any biological system fulfilling the 
above mentioned boundary conditions. 
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erfc(z. 
QB = e r f c  z " QA (1) 

QB a / b / ~ [ Q A  2 + b 2 = - c ( 2 )  

Eq. (1) could not be transformed into a hyperbolic 
function of  the usually known form in Eq. (2), as erfc z is 
a trigonometrical series type of solution. But, for values of 
z, tabulated values of  erfc z have been available for 150 
years (Table 5 in Reiber 1994; Carslaw and Jaeger 1959). 
With an arbitrary ratio of the diffusion coefficients DB/DA, I 
compared the values for QB obtained from Eq. (1) and 
Eq. (2) numerically. Covering three orders of  magnitude 
for the values of  QB there was shown to be an excellent fit 
between Eq. (1) and Eq. (2) (Table 5 in Reiber 1994). The 
values for the parameters a, b, c in this comparison are cal- 
culated and fitted by iteration for the arbitrary ratio of diffu- 
sion coefficients in this example. The conclusion that Eq. 
(1) represents a hyperbolic function is so far independent of 
any patient data. As shown in Fig. 1 the shape of the hyper- 
bolic function depends only on the ratio of the diffusion co- 
efficients, different for different pairs of molecules (e.g., 
like IgG/albtunin or IgM/albumin). Instead of this indirect 
way to show that Eq. (1) represents a hyperbolic function, it 
might be possible to find a direct transformation of Eq. (1) 
into the form of Eq. (2) using Laplace transforms (Carslaw 
and Jaeger 1959). 

So, the diffusion model and the mathematical solution 
in itself is not influenced by any criticism about experi- 
mental approaches and applications to the patient data. 
This is not the place to discuss the unrelated suggestions 
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Fig. 1. Concentration ratio o f  two pairs o f  diffilsing molecules at z (ef- 
fective diffusion path length). The concentrations QA and QB are calcu- 
lated from tabulated values for the error function complement  erfc z 
(Reiber 1994; Carslaw and Jaeger 1959) with QA = 0.5 erfe z and 
QB = 0.5 erfc z x 4VDA/D 8 . The two hyperbolic curves (according to Eq. 
1 in the text) are defined by arbitrary ratios of  flae diffusion coefficients 
DB/D A = l :2 .25andDB/D A = 1:4. 

of  Prof. Ohman about ultrafiltration, which is not a sepa- 
rate theory as stated by him, but an application of  the laws 
of  diffusion under certain boundary conditions. The same 
is true for Ohman's irrelevant view of  tight junctions 
which are structural restrictions to a diffusion process, 
too. This as answer to the first and fifth "flaw". 

The second part of  my paper refers to an improved ex- 
perimental fit to patient data. Compared to the earlier pa- 
per (Reiber and Felgenhauer, 1987) the set of  data was ex- 
tended from 340 patients to 4400 patients. In addition to 
the upper discrimination line, in the paper I characterized 
the mean and the lower discrimination function, too. On 
the basis of  this huge number of  patient data I introduced 
a "population variation coefficient" to characterize the bi- 
ological variation of  IgG, IgA, IgM quotients for a sub- 
group of  patients with the same albumin quotient. With 
these data and the kinetics of  protein transfer from blood 
into CSF in single patients, I concluded that a decreased 
CSF flow rate is sufficient to explain quantitatively the 
increased protein content in CSF in neurological diseases. 

Several misunderstandings of  Prof. Ohman refer to the 
method of  fitting the hyperbolic function to the data. Fig. 
3 in Reiber and Felgenhauer (1987), to which Ohman re- 
fers, gives the definition of  the parameters a, b, c, for the 
mathematically untrained reader, but not the procedure of 
fitting the curves. 

The upper and lower discrimination curve is fitted 
graphically for the complete range between QA~b=0.001 
and 0.150, excluding 1% of the data. The variables a, b, c are 
fitted together not independently for extreme values as sug- 
gested by Ohman. If one parameter was changed all would 
be changed in the fitting procedure. So, I made no extrapo- 
lation beyond the range of the empirical data. And, in partic- 
ular, the hyperbolic function for the mean has been obtained 
independently by calculating the mean value of subgroups of 
the patients over small intervals of albumin quotients. The 
hyperbolic function was then fitted to these mean values 
(shown in Fig. 3, Reiber 1994), independent of the graphi- 
cally fitted curves for the upper and lower discrimination 
function. This mean is almost identical with the mean values 
between the upper and lower border lines. Table 2 and Figs. 
1 and 2 report information about this symmetrical distribu- 
tion of the populations with a large number of IgG, IgA, or 
IgM quotients. 

It might be that for some other reason Prof. Ohman 
does not like the empirical results, but they do clearly 
confirm a symmetrical distribution, which should not oc- 
cur according to his obviously incorrect suggestions. So, 
there is still no reason which contradicts the introduction 
of the "population variation coefficient". A restricted 
symmetrical distribution in the IgM quotient diagram for 
low albumin quotients has been taken into account and in- 
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terpreted (Reiber 1994). 
The requested coefficients o f  variation for our detec- 

tion of  the single proteins in CSF and serum were 
CV = 2 -4% for albumin and IgG in CSF and serum, and 
C V = 7 - 9 %  for IgA and IgM in CSF and serum. 

With respect to the difference between molecular size 
o f l g A  and IgG, I would like to refer to the excellent paper 
of  Felgenhauer (1974), where he reports the different hy- 
drodynamic radii o f  IgA and IgG. 

A correlation between the albumin quotient and the se- 
rum values of  albumin reported by Prof. Ohman can be 
confirmed, but, again it should be a nonlinear function too 
(e.g., a hyperbolic function?). 

I wonder about the relevance of  the correlation be- 
tween the hyperbolic function and Ohman '  s extended in- 
dex for an arbitrary set o f  data (Fig. 1 in Ohman 's  letter, 
1994) referring to the parameters reported several years 
ago (Reiber and Felgenhauer 1987), but not to the im- 
proved parameters in my  paper. 

I hope my  reply helps readers to better understand my  
paper. I would like to take this opportunity to correct 
some printing errors. 

• The dimensions of  the values for the parameters a/b, 
b 2, and c in Table 1 have to be added: values of  b 2 

have to be multiplied by 10 -6 and values o f c  have to 
be multiplied by 10 -3 . As an example the upper dis- 
crimination limit for IgG has the parameters 
a/b=0.93; b2=6x 10~; c=  1.7x 10 -3. 
The trigonometric series in Eq. (5b) have to start in 
brackets with 1/z instead o f  1/2. 
The empirical approach to characterize the changes 
in CSF flow rate according to Eq. (15) should be 

A r ~  1 / A ,  fA-~Atb . 
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